Large time behavior of the heat kernel  by Pinchover, Yehuda
Journal of Functional Analysis 206 (2004) 191–209
Large time behavior of the heat kernel
Yehuda Pinchover
Department of Mathematics, Technion-Israel Institute of Technology, Haifa 32000, Israel
Received 24 September 2002; revised 7 February 2003; accepted 18 February 2003
Communicated by H. Brezis
Abstract
In this paper we study the large time behavior of the (minimal) heat kernel kMP ðx; y; tÞ of
a general time-independent parabolic operator Lu ¼ ut þ Pðx; @xÞu which is deﬁned on a
noncompact manifold M: More precisely, we prove that
lim
t-N
el0tkMP ðx; y; tÞ
always exists. Here l0 is the generalized principal eigenvalue of the operator P in M:
r 2003 Elsevier Inc. All rights reserved.
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1. Introduction
Let kMP ðx; y; tÞ be the (minimal) heat kernel of a time-independent parabolic
operator Lu ¼ ut þ Pðx; @xÞu which is deﬁned on a noncompact Riemannian
manifold M: Denote by l0 the generalized (Dirichlet) principal eigenvalue of the
operator P in M:
Over the past three decades, there have been a large number of works devoted to
large time estimates of the heat kernel in various settings (see for example the
following monographs and survey articles [3,5,10,12,16,18,24–27,29–31], and the
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references therein). Despite the wide diversity of the results in this ﬁeld, the following
basic question has not been fully answered.
Question 1.1. Does limt-N e
l0tkMP ðx; y; tÞ always exist?
The aim of this paper is to give a complete answer to Question 1.1 for arbitrary P
and M: The following theorem [22] gives only a partial answer to the above question
(see also [2,6,7,18,24,28,29,32]).
Theorem 1.2. Let P an elliptic operator on M:
(i) If P  l0 is subcritical in M (i.e.
RN
0 e
l0tkMP ðx; y; tÞ dtoN; for any xayÞ; then
lim
t-N
el0tkMP ðx; y; tÞ ¼ 0:
(ii) If P  l0 is positive-critical in M (i.e.
RN
0 e
l0tkMP ðx; y; tÞ dt ¼N; and the ground
states j and j of P  l0 and P  l0; respectively, satisfy jjAL1ðMÞÞ; then
lim
t-N
el0tkMP ðx; y; tÞ ¼
jðxÞjðyÞR
M
jðzÞjðzÞ dz:
(iii) If P  l0 is null-critical in M (i.e.
RN
0 e
l0tkMP ðx; y; tÞ dt ¼N; and the ground
states j and j of P  l0 and P  l0; respectively, satisfy jjeL1ðMÞÞ; then
lim
T-N
1
T
Z T
0
el0tkMP ðx; y; tÞ dt ¼ 0 for all xay:
Moreover, if one assumes further that P is a formally symmetric operator
ðP ¼ PÞ; then in the null-critical case limt-Nel0tkMP ðx; y; tÞ ¼ 0:
The main result of the present paper is the following theorem which answers the
author’s conjecture [22, Remark 1.4] about the existence of the limit in the null-
critical nonsymmetric case.
Theorem 1.3. Assume that P  l0 is a (nonsymmetric) null-critical operator in M:
Then
lim
t-N
el0tkMP ðx; y; tÞ ¼ 0:
Thus, Theorem 1.2 together with Theorem 1.3 indeed solve Question 1.1. More
precisely, with the aid of Theorem 1.1 of [22], we have
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Corollary 1.4. The limt-N e
l0tkMP ðx; y; tÞ exists for all x; yAM; and the limit is
positive if and only if the operator P  l0 is positive-critical.
Moreover, let GMPlðx; yÞ be the minimal positive Green function of the elliptic
operator P  l on M; where lol0: Then
lim
t-N
el0tkMP ðx; y; tÞ ¼ limlsl0ðl0  lÞG
M
Plðx; yÞ: ð1:1Þ
The proof of Theorem 1.3 hinges on Lemma 4.1 which is a slight extension of a
lemma of Varadhan (see, [29, Lemma 9, p. 259] or [24, pp. 192–193]). Varadhan
proved his lemma for positive-critical operators on Rd using a purely probabilistic
approach. Our key observation is that the assertion of Varadhan’s lemma is valid
under the weaker assumption that the skew product operator %P ¼ P#I þ I#P is
critical in %M ¼ M  M; where I is the identity operator on M: We note that if %P is
subcritical in %M; then by Theorem 1.2, the heat kernel of %P on %M tends to zero as
t-N: Since the heat kernel of %P is equal to the product of the heat kernels of its
factors, it follows that if %P is subcritical in %M; then limt-Nk
M
P ðx; y; tÞ ¼ 0:
In Section 4, we formulate and give a purely analytic proof of Lemma 4.1. Our
proof of the lemma is in fact the translation of Varadhan’s proof to the analytic
apparatus. It uses the large time behaviors of the parabolic capacitory potential and
of the heat content (see Section 3).
The proof of Theorem 1.3 is given in Section 5. We conclude the paper with a
discussion on some open problems which are closely related to the large time
behavior of the heat kernel (see Section 6).
Remark 1.5. In the null-recurrent case, the heat kernel may decay very slowly as
t-N; and one can construct a complete Riemannian manifold M such that all its
Riemannian products M j; jX1 are null-recurrent (see [11]).
Remark 1.6. We conﬁne ourselves to classical solutions. Since the results and the
proofs throughout the paper rely on basic properties and results of potential theory,
the results of the paper are also valid for weak solutions in the case where the elliptic
operator P is in divergence form with coefﬁcients which satisfy standard local
regularity assumptions (as for example in Section 1.1 of [21]). The results are also
valid in the framework of strong solutions, where the strictly elliptic operator P has
locally bounded coefﬁcients; the proofs differ only in minor details from the proofs
given here.
2. Preliminaries
In this section we recall basic deﬁnitions and facts concerning the theory of
positive solutions of second-order linear elliptic and parabolic operators (for more
details and proofs, see [24]).
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Let P be a linear, second order, elliptic operator deﬁned in a noncompact,
connected, C3-smooth Riemannian manifold M of dimension d: Here P is an elliptic
operator with real, Ho¨lder continuous coefﬁcients which in any coordinate system
ðU ; x1;y; xdÞ has the form
Pðx; @xÞ ¼ 
Xd
i;j¼1
aijðxÞ@i@j þ
Xd
i¼1
biðxÞ@i þ cðxÞ; ð2:1Þ
where @i ¼ @=@xi: We assume that for every xAM the real quadratic form
Xd
i;j¼1
aijðxÞxixj; x ¼ ðx1;y; xdÞARd ð2:2Þ
is positive deﬁnite. The formal adjoint of P is denoted by P: We consider the
parabolic operator L;
Lu ¼ ut þ Pu on M  ð0;NÞ: ð2:3Þ
Let fMjgNj¼1 be an exhaustion of M; i.e. a sequence of smooth, relatively compact
domains such that M1a|; clðMjÞCMjþ1 and
SN
j¼1 Mj ¼ M: For every jX1; we
denote Mj ¼ M\clðMjÞ: Let MN ¼ M,fNg be the one-point compactiﬁcation of
M: By the notation x-N; we mean that x-N in the topology of MN:
Denote the cone of all positive (classical) solutions of the equation Pu ¼ 0 in M
by CPðMÞ: The generalized principal eigenvalue is deﬁned by
l0 ¼ l0ðP; MÞ :¼ supflAR :CPlðMÞa|g:
Throughout this paper we always assume that l0X0 (actually, as it will become clear
below, it is enough to assume that l04N).
For every jX1; consider the Dirichlet heat kernel kMjP ðx; y; tÞ of the parabolic
operator L ¼ @t þ P in Mj: So, for every continuous function f with a compact
support in M; uðx; tÞ ¼ R
Mj
k
Mj
P ðx; y; tÞ f ðyÞ dy solves the initial-Dirichlet boundary
value problems
Lu ¼ 0 in Mj  ð0;NÞ;
u ¼ 0 on @Mj  ð0;NÞ;
u ¼ f on Mj  f0g: ð2:4Þ
By the maximum principle, fkMjP ðx; y; tÞgNj¼1 is an increasing sequence which
converges to kMP ðx; y; tÞ; the minimal heat kernel of the parabolic operator L in M:
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If for some xay
Z N
0
kMP ðx; y; tÞ dtoN respectively;
Z N
0
kMP ðx; y; tÞ dt ¼N
 
;
then P is said to be a subcritical (respectively, critical) operator in M; [24].
It can be easily checked that for lpl0; the heat kernel kMPl of the operator P  l
is equal to eltkMP ðx; y; tÞ: Since we are interested in the asymptotic behavior of
el0tkMP ðx; y; tÞ; we assume throughout the paper (unless otherwise stated) that l0 ¼ 0:
It is well known that if lol0; then P  l is subcritical in M: Clearly, P is critical
(respectively, subcritical) in M; if and only if P is critical (respectively, subcritical) in
M: Furthermore, if P is critical in M; then CPðMÞ is a one-dimensional cone. In this
case, jACPðMÞ is called a ground state of the operator P in M [22,24]. We denote the
ground state of P by j:
The ground state j is a global positive solution of the equation Pu ¼ 0 of minimal
growth in a neighborhood of infinity in M; That is, if vAC ðclðMj ÞÞ is a positive
solution of the equation Pu ¼ 0 in Mj for some jX1 such that jpv on @Mj ; then
jpv in Mj [22,24].
In the critical case, the ground state j (respectively, j) is a positive invariant
solution of the operator P (respectively, P) in M (see for example [13,17,22,24]).
That isZ
M
kMP ðx; y; tÞjðyÞ dy ¼ jðxÞ; and
Z
M
kMP ðx; y; tÞjðxÞ dx ¼ jðyÞ: ð2:5Þ
Deﬁnition 2.1. A critical operator P is said to be positive-critical in M if
jjAL1ðMÞ; and null-critical in M if jjeL1ðMÞ:
Remark 2.2. Let 1 be the constant function on M; taking at any point xAM the
value 1. Suppose that P1 ¼ 0: Then P is subcritical (respectively, positive-critical,
null-critical) in M if and only if the corresponding diffusion process is transient
(respectively, positive-recurrent, null-recurrent) [24]. In fact, since we are interested
in the critical case, it is natural to use the h-transform with h ¼ j; where j is the
ground state of P: So,
Pju ¼ 1
j
PðjuÞ and kMPjðx; y; tÞ ¼
1
jðxÞ k
M
P ðx; y; tÞjðyÞ:
Clearly, Pj is an elliptic operator which satisﬁes all our assumption. Note that Pj
is null-critical (respectively, positive-critical) if and only if P is null-critical
(respectively, positive-critical), and the ground states of Pj and ðPjÞ are 1 and
jj; respectively. Moreover,
lim
t-N
kMPjðx; y; tÞ ¼ 0 if and only if limt-N k
M
P ðx; y; tÞ ¼ 0:
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Therefore, throughout the paper (unless otherwise stated), we assume that
ðAÞ P1 ¼ 0; and P is a critical operator in M:
It is well known that on a general noncompact manifold M; the solution of the
Cauchy problem for the parabolic equation Lu ¼ 0 is not uniquely determined (see
for example [19] and the references therein). On the other hand, under Assumption
(A), there is a unique minimal solution of the Cauchy problem and of certain initial-
boundary value problems for bounded initial and boundary conditions. More
precisely,
Deﬁnition 2.3. Let f be a bounded continuous function on M: By the minimal
solution u of the Cauchy problem
Lu ¼ 0 in M  ð0;NÞ;
u ¼ f on M  f0g;
we mean the function
uðx; tÞ :¼
Z
M
kMP ðx; y; tÞ f ðyÞ dy: ð2:6Þ
Deﬁnition 2.4. Let B!M be a smooth bounded domain such that B :¼ M\clðBÞ is
connected. Assume that f is a bounded continuous function on B; and g is a
bounded continuous function on @B  ð0;NÞ: By the minimal solution u of the
initial-boundary value problem
Lu ¼ 0 in B  ð0;NÞ;
u ¼ g on @B  ð0;NÞ;
u ¼ f on B  f0g; ð2:7Þ
we mean the limit of the solutions uj of the following initial-boundary value
problems:
Lu ¼ 0 in ðB-MjÞ  ð0;NÞ;
u ¼ g on @B  ð0;NÞ;
u ¼ 0 on @Mj  ð0;NÞ;
u ¼ f on ðB-MjÞ  f0g:
Remark 2.5. It can be easily checked that the sequence fujg is indeed a converging
sequence which converges to a solution of the initial-boundary value problem (2.7).
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3. Auxiliary results
Lemma 3.1. Assume that P1 ¼ 0 and that P is critical in M: Let B :¼ Bðx0; dÞ!M be
the ball of radius d centered at x0; and suppose that B ¼ M\clðBÞ is connected. Let
w be the heat content of B; i.e. the minimal nonnegative solution of the following
initial-boundary value problem:
Lu ¼ 0 in B  ð0;NÞ;
u ¼ 0 on @B  ð0;NÞ;
u ¼ 1 on B  f0g: ð3:1Þ
Then w is a decreasing function of t; and limt-Nwðx; tÞ ¼ 0 locally uniformly in M:
Proof. Clearly,
wðx; tÞ ¼
Z
B
kB

P ðx; y; tÞ dyo
Z
M
kMP ðx; y; tÞ dy ¼ 1: ð3:2Þ
It follows that 0owo1 in B  ð0;NÞ: Let e40: By the semigroup identity and
(3.2),
wðx; t þ eÞ ¼
Z
B
kB

P ðx; y; t þ eÞ dy
¼
Z
B
Z
B
kB

P ðx; z; tÞkB

P ðz; y; eÞ dz
 
dy
¼
Z
B
kB

P ðx; z; tÞ
Z
B
kB

P ðz; y; eÞ dy
 
dz
o
Z
B
kB

P ðx; z; tÞ dz ¼ wðx; tÞ: ð3:3Þ
Hence, w is a decreasing function of t; and therefore, limt-Nwðx; tÞ exists. We denote
vðxÞ :¼ limt-Nwðx; tÞ:
For t40; consider the function nðx; t; tÞ :¼ wðx; t þ tÞ; where t4 t: Then
nðx; t; tÞ is a nonnegative solution of the parabolic equation Lu ¼ 0 in B  ðt;NÞ
which satisﬁes u ¼ 0 on @B  ðt;NÞ: By a standard parabolic argument as t-N;
any converging subsequence of this set of solutions converges locally uniformly to a
solution of the parabolic equation Lu ¼ 0 in B  R which satisﬁes u ¼ 0 on @B  R:
Since limt-Nnðx; t; tÞ ¼ limt-Nwðx; tÞ ¼ vðxÞ; the limit does not depend on t; and
v is a solution of the elliptic equation Pu ¼ 0 in B; and satisﬁes v ¼ 0 on @B:
Furthermore, 0pvo1:
Therefore, 1 v is a positive solution of the equation Pu ¼ 0 in B which satisﬁes
u ¼ 1 on @B: On the other hand, it follows from the criticality assumption that 1 is
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the minimal positive solution of the equation Pu ¼ 0 in B which satisﬁes u ¼ 1 on
@B: Thus, 1p1 v; and therefore, v ¼ 0: &
Deﬁnition 3.2. Let B :¼ Bðx0; dÞ!M: Suppose that B ¼ M\clðBÞ is connected. The
nonnegative (minimal) solution
vðx; tÞ ¼ 1
Z
B
kB

P ðx; y; tÞ dy
is called the parabolic capacitory potential of B: Note that v is indeed the minimal
nonnegative solution of the initial-boundary value problem
Lu ¼ 0 in B  ð0;NÞ;
u ¼ 1 on @B  ð0;NÞ;
u ¼ 0 on B  f0g: ð3:4Þ
Corollary 3.3. Under the assumptions of Lemma 3.1, the parabolic capacitory
potential v of B is an increasing function of t; and limt-Nvðx; tÞ ¼ 1 locally uniformly
in M:
Proof. Clearly,
vðx; tÞ ¼ 1
Z
B
kB

P ðx; y; tÞ dy ¼ 1 wðx; tÞ; ð3:5Þ
where w is the heat content of B: Therefore, the corollary follows directly from
Lemma 3.1. &
4. Varadhan’s lemma
In this section, we give a purely analytic proof of a lemma of Varadhan [29,
Lemma 9, p. 259] for a slightly more general case. We consider the Riemannian
product manifold %M :¼ M  M: A point in %M is denoted by %x ¼ ðx1; x2Þ: Let
Pxi ; i ¼ 1; 2 denote the operator P in the variable xi; and let %P ¼ Px1 þ Px2 be the
skew product operator deﬁned on %M: We denote by %L the corresponding parabolic
operator. Note that if %P is critical in %M; then P is critical in M: Moreover, if P is
positive-critical in M; then %P is positive-critical in %M:
Lemma 4.1. Assume that P1 ¼ 0: Suppose further that %P is critical on %M: Let f be a
continuous bounded function on M; and let
uðx; tÞ ¼
Z
M
kMP ðx; y; tÞ f ðyÞ dy
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be the minimal solution of the Cauchy problem with initial data f on M: Fix K!M:
Then
lim
t-N
sup
x1;x2AK
juðx1; tÞ  uðx2; tÞj ¼ 0:
Proof. Denote by %uð %x; tÞ :¼ uðx1; tÞ  uðx2; tÞ: Recall that the heat kernel %kð %x; %y; tÞ of
the operator %L on %M satisﬁes
%k
%M
%P
ð %x; %y; tÞ ¼ kMP ðx1; y1; tÞkMP ðx2; y2; tÞ: ð4:1Þ
By (2.5) and (4.1), we have
%uð %x; tÞ ¼ uðx1; tÞ  uðx2; tÞ
¼
Z
M
kMP ðx1; y1; tÞ f ðy1Þ dy1 
Z
M
kMP ðx2; y2; tÞ f ðy2Þ dy2
¼
Z
M
Z
M
kMP ðx1; y1; tÞkMP ðx2; y2; tÞð f ðy1Þ  f ðy2ÞÞ dy1 dy2
¼
Z
%M
%k
%M
%P
ð %x; %y; tÞð f ðy1Þ  f ðy2ÞÞ d %y:
Hence, %u is the minimal solution of the Cauchy problem for the equation %L %u ¼ 0 with
initial data f ðx1Þ  f ðx2Þ on %M:
Fix a compact set K!M and x0AM\K ; and let e40: Let B :¼
Bððx0; x0Þ; dÞ! %M\ %K; where %K ¼ K  K ; and d will be determined below. We may
assume that B ¼ %M\clðBÞ is connected. Then %u is a minimal solution of the
following initial-boundary value problem:
%L %u ¼ 0 in B  ð0;NÞ;
%uð %x; tÞ ¼ uðx1; tÞ  uðx2; tÞ on @B  ð0;NÞ;
%uð %x; 0Þ ¼ f ðx1Þ  f ðx2Þ on B  f0g: ð4:2Þ
We need to prove that limt-N %uð %x; tÞ ¼ 0:
By the superposition principle (which obviously holds for minimal solutions),
we have
%uð %x; tÞ ¼ u1ð %x; tÞ þ u2ð %x; tÞ on B  ½1;NÞ;
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where u1 solves the initial-boundary value problem
%Lu1 ¼ 0 in B  ð1;NÞ;
u1ð %x; tÞ ¼ uðx1; tÞ  uðx2; tÞ on @B  ð1;NÞ;
u1ð %x; 0Þ ¼ 0 on B  f1g; ð4:3Þ
and u2 solves the initial-boundary value problem
%Lu2 ¼ 0 in B  ð1;NÞ;
u2ð %x; tÞ ¼ 0 on @B  ð1;NÞ;
u2ð %x; 0Þ ¼ uðx1; 1Þ  uðx2; 1Þ on B  f1g: ð4:4Þ
Clearly, j %uð %x; tÞjp2jj f jjN on %M  ð0;NÞ: Note that if %x ¼ ðx1; x2ÞA@B; then on M;
distMðx1; x2Þp2d: Using Schauder’s parabolic interior estimates on M; it follows
that if d is small enough, then
j %uð %x; tÞj ¼ juðx1; tÞ  uðx2; tÞjoe on @B  ð1;NÞ:
By comparison of u1 with the parabolic capacitory potential of B
; we obtain that
ju1ð %x; tÞjpe 1
Z
B
%kB

%P
ð %x; %y; t  1Þ d %y
 
oe in B  ð1;NÞ: ð4:5Þ
On the other hand,
ju2ð %x; tÞjp2jj f jjN
Z
B
%kB

%P
ð %x; %y; t  1Þ d %y in B  ð1;NÞ: ð4:6Þ
It follows from (4.6) and Lemma 3.1 that there exists T40 such that
ju2ð %x; tÞjpe for all %xA %K and t4T : ð4:7Þ
Combining (4.5) and (4.7), we obtain that juðx1; tÞ  uðx2; tÞjp2e for all x1; x2AK
and t4T : Since e is arbitrary, the lemma is proved. &
5. Proof of Theorem 1.3
Without loss of generality, we may assume that P1 ¼ 0; where P is a null-critical
operator in M: We need to prove that limt-Nk
M
P ðx; y; tÞ ¼ 0:
Consider again the Riemannian product manifold %M :¼ M  M and let %P ¼
Px1 þ Px2 be the corresponding skew product operator which is deﬁned on %M:
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If %P is subcritical on %M; then by Theorem 1.2, limt-N %k
%M
%P
ðx; y; tÞ ¼ 0: Since
%k
%M
%P
ð %x; %y; tÞ ¼ kMP ðx1; y1; tÞkMP ðx2; y2; tÞ;
it follows that limt-Nk
M
P ðx; y; tÞ ¼ 0:
Therefore, there remains to prove the theorem for the case where %P is critical in %M:
Fix a nonnegative, bounded, continuous function fa0 such that jfAL1ðMÞ; and
consider the solution
vðx; tÞ ¼
Z
M
kMP ðx; y; tÞ f ðyÞ dy:
Let tn-N; then by subtracting a subsequence, we may assume that the series of
functions vðx; t þ tnÞNn¼1 converges to a nonnegative solution uAHþðM  RÞ; where
HþðM  RÞ :¼ fuX0 j Lu ¼ 0 in M  Rg:
Invoking Lemma 4.1 (Varadhan’s lemma), we see that uðx; tÞ ¼ aðtÞ: Since u solves
the parabolic equation Lu ¼ 0; it follows that aðtÞ is a nonnegative constant a:
We claim that a ¼ 0: Suppose to the contrary that a40: The assumption that
jfAL1ðMÞ and (2.5) imply that for any t40;Z
M
jðyÞvðy; tÞ dy ¼
Z
M
jðyÞ
Z
M
kMP ðy; z; tÞ f ðzÞ dz
 
dy
¼
Z
M
Z
M
jðyÞkMP ðy; z; tÞ dy
 
f ðzÞ dz
¼
Z
M
jðzÞ f ðzÞ dzoN: ð5:1Þ
On the other hand, by the null-criticality, Fatou’s lemma, and (5.1) we have
N ¼
Z
M
jðzÞa dz ¼
Z
M
jðzÞ lim
n-N
vðz; tnÞ dz
p lim inf
n-N
Z
M
jðzÞvðz; tnÞ dz ¼
Z
M
jðzÞ f ðzÞ dzoN:
Hence a ¼ 0; and therefore
lim
t-N
Z
M
kMP ðx; y; tÞ f ðyÞ dy ¼ limt-N vðx; tÞ ¼ 0: ð5:2Þ
Using the parabolic Harnack inequality and (2.5), we obtain that
kMP ðx; y; t þ tnÞpc2ðyÞjðxÞ; kMP ðx; y; t þ tnÞpc1ðxÞjðyÞ ð5:3Þ
for all x; yAM and t þ tn41 (see [22]). Now let tn-N be a sequence such that
limn-N k
M
P ðx; y; t þ tnÞ exists for all ðx; y; tÞAM  M  R: We denote the limit
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function by uðx; y; tÞ: It is enough to show that any such u is the zero solution. Recall
that as a function of x and t; uAHþðM  RÞ (see [22]). Moreover, (5.3), the
semigroup identity, and the dominated convergence theorem imply that
uðx; z; t þ 1Þ ¼
Z
M
uðx; y; tÞkMP ðy; z; 1Þ dy:
It follows that either u ¼ 0; or u is a strictly positive function. On the other hand,
Fatou’s lemma and (5.2) imply thatZ
M
uðx; y; 0Þ f ðyÞ dyp lim
n-N
Z
M
kMP ðx; y; tnÞf ðyÞ dy ¼ 0:
Since f!0; it follows that u ¼ 0: &
Remark 5.1. In response to a question of the referee, we remark that, in the proof of
Theorem 1.3, one can simply choose vðx; tÞ ¼ kMP ðx; x0; t þ 1Þ; where x0 is a ﬁxed
point in M; by using estimates (2.5) and (5.3).
Let P be an elliptic operator of the form (2.1) such that l0X0; and let vACPðMÞ
and vACP ðMÞ: It is well known [23] thatZ
M
kMP ðx; y; tÞvðyÞ dypvðxÞ; and
Z
M
kMP ðx; y; tÞvðxÞ dxpvðyÞ: ð5:4Þ
The parabolic Harnack inequality and (5.4) imply that
kMP ðx; y; tÞpc1ðyÞvðxÞ; kMP ðx; y; tÞpc2ðxÞvðyÞ ð5:5Þ
for all x; y;AM and t41 (see [22]). Recall that in the critical case, v and v are in fact
the ground states j and j of P and P; respectively, and by (2.5), we have equalities
in (5.4).
We now use Theorems 1.2, 1.3, estimate (5.5), and the dominated convergence
theorem to strengthen Lemma 4.1 for initial conditions which satisfy a certain
integrability condition.
Corollary 5.2. Let P be an elliptic operator of the form (2.1) such that l0X0: Let f be
a continuous function on M such that vfAL1ðMÞ for some vACP ðMÞ: Let
uðx; tÞ ¼
Z
M
kMP ðx; y; tÞ f ðyÞ dy
be the minimal solution of the Cauchy problem with initial data f on M: Fix K!M:
Then
lim
t-N
sup
xAK
juðx; tÞ FðxÞj ¼ 0;
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where
FðxÞ ¼ jðxÞ
R
M
jðyÞ f ðyÞ dyR
M
jðyÞjðyÞ dy if P is positive-critical in M;
0 otherwise:
8><
>: ð5:6Þ
Suppose now that P1 ¼ 0 and R
M
kMP ð; y; tÞ dy ¼ 1 (i.e. 1 is a positive invariant
solution of the operator P in M). Corollary 5.2 implies that for any jX1 and all
xAM we have
lim
t-N
Z
M
j
kMP ðx; y; tÞ dy ¼
R
M
j
jðyÞ dyR
M
jðyÞ dy if P is positive-critical in M;
1 otherwise:
8><
>:
Therefore, if P is not positive-critical in M; and f is a bounded continuous function
such that lim infx-N f ðxÞ ¼ e40; then under the above assumptions,
lim inf
t-N
Z
M
kMP ðx; y; tÞf ðyÞ dyXe: ð5:7Þ
Hence, if the integrability condition of Corollary 5.2 is not satisﬁed, then the
large time behavior of the minimal solution of the Cauchy problem may be
complicated. The following example of Kirsch and Simon [20] demonstrates this
phenomenon.
Example 5.3. Consider the heat equation in Rd : Let Rj ¼ ee j and let
f ðxÞ ¼ 2þ ð1Þ j if Rjo sup
1pipd
jxijoRjþ1; jX1:
Let u be the minimal solution of the Cauchy problem with initial data f : Then for
tBRjRjþ1 one has that uð0; tÞB2þ ð1Þ j; and thus uð0; tÞ does not have a limit.
Note that by Lemma 4.1, for d ¼ 1; uðx; tÞ has exactly the same asymptotic behavior
as uð0; tÞ for all xAR:
6. Remarks and open problems
In this section, we discuss some general open problems that are related to the large
time behavior of the heat kernel. The following conjecture, which was conjectured
by Davies [14] in the self-adjoint case, deals with the exact long time asymptotics of
the heat kernel.
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Conjecture 6.1. Let L ¼ ut þ Pðx; @xÞ be a parabolic operator which is defined on a
Riemannian manifold M: Fix a reference point x0AM: Then the limit
lim
t-N
kMP ðx; y; tÞ
kMP ðx0; x0; tÞ
¼ aðx; yÞ ð6:1Þ
exists and is positive for all x; yAM:
Obviously, Conjecture 6.1 holds true in the positive critical case. So, we may
assume in the sequel that P is not positive-critical. Since Conjecture 6.1 does not
depend on l0; we may keep our assumption that l0 ¼ 0:
The large time behavior of quotients of the heat kernel is obviously closely related
to the structure of the parabolic Martin boundary (for the theory of the parabolic
Martin boundary see for example [9,15]). The following lemma demonstrates that
Conjecture 6.1 is actually a conjecture on the parabolic Martin compactiﬁcation of
HþðM  RÞ:
Lemma 6.2. The following assertions are equivalent:
(i) Conjecture 6.1 holds true for a fixed x0AM:
(ii) The limit
lim
t-N
kMP ðx; y; tÞ
kMP ða; b; tÞ
ð6:2Þ
exists and is positive for all x; y; a; bAM:
(iii) The limits
lim
t-N
kMP ðx; y; tÞ
kMP ðy; y; tÞ
; lim
t-N
kMP ðx; y; tÞ
kMP ðx; x; tÞ
ð6:3Þ
exist and are positive for all x; yAM:
(iv) For any yAM there is a unique nonzero parabolic Martin boundary point %y for the
equation Lu ¼ 0 in M  R which corresponds to any sequence of the form
fðy; tnÞgNn¼1 such that tn-N; and for any xAM there is a unique nonzero
parabolic Martin boundary point %x for the equation ut þ Pu ¼ 0 in M  R which
corresponds to any sequence of the form fðx; tnÞgNn¼1 such that tn-N:
Moreover, if Conjecture 6.1 holds true, then for any fixed yAM; the limit function
að; yÞ is a positive solution of the equation ðP  l0Þu ¼ 0; and for any fixed
xAM aðx; Þ is a positive solution of equation ðP  l0Þu ¼ 0:
Proof. By a standard parabolic argument, if ftngNn¼1 is a sequence which tends to
inﬁnity, such that limn-N
kM
P
ðx;y;tþtnÞ
kM
P
ðx0;x0;tnÞ exists for all x; yAM and tAR; then the limit
function aðx; y; tÞ (as a function of x and t) is a nonzero, nonnegative solution of the
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equation Lu ¼ 0 in M  R: We use this simple observation several times in the proof
of the lemma.
ðiÞ ) ðiiÞ: We have
kMP ðx; y; tÞ
kMP ða; b; tÞ
¼ k
M
P ðx; y; tÞ
kMP ðx0; x0; tÞ
 k
M
P ða; b; tÞ
kMP ðx0; x0; tÞ
 1
:
Therefore, if Conjecture 6.1 holds true for x0; then the limit in (6.2) exists and is
positive for all x; y; a; bAM:
ðiiÞ ) ðiiiÞ: Take a ¼ b ¼ y and a ¼ b ¼ x; respectively.
ðiiiÞ ) ðivÞ: It is well known that the Martin compactiﬁcation does not depend on
the ﬁxed reference point x0: So, we may take y as a reference point. Let ftng be a
sequence such tn-N and such that the Martin sequence k
M
P
ðx;y;ttnÞ
kM
P
ðy;y;tnÞ converges to a
Martin function KMP ðx; %y; tÞ: By our assumption,
lim
n-N
kMP ðx; y; t  tnÞ
kMP ðy; y; t  tnÞ
¼ lim
t-N
kMP ðx; y; tÞ
kMP ðy; y; tÞ
¼ bðxÞ ¼ %aðx; yÞ:
On the other hand,
lim
n-N
kMP ðy; y; t  tnÞ
kMP ðy; y;tnÞ
¼ KMP ðy; %y; tÞ ¼ f ðtÞ:
Since
kMP ðx; y; t  tnÞ
kMP ðy; y;tnÞ
¼ k
M
P ðx; y; t  tnÞ
kMP ðy; y; t  tnÞ
 k
M
P ðy; y; t  tnÞ
kMP ðy; y;tnÞ
;
we have that
KMP ðx; %y; tÞ ¼ bðxÞ f ðtÞ:
Recall that KMP AHþðM  RÞ: By separation of variables, it follows that there exists
a constant l such that b is a positive solution of the equation
Pb  lb ¼ 0 on M;
and f solves the equation
f 0 þ lf ¼ 0 on R:
By the deﬁnition of l0; it follows that lpl0 ¼ 0: Moreover, since b does not depend
on the sequence ftng; it follows in particular, that l does not depend on this
sequence. Thus,
lim
t-N
kMP ðy; y; t þ tÞ
kMP ðy; y; tÞ
¼ f ðtÞ ¼ elt: ð6:4Þ
ARTICLE IN PRESS
Y. Pinchover / Journal of Functional Analysis 206 (2004) 191–209 205
If P is positive-critical, then it follows from Theorem 1.2 and (6.4) that l ¼ 0:
Otherwise, Corollary 1.4 implies that limt-N k
M
P ðy; y; t þ tÞ ¼ 0; for any tAR:
Therefore, (6.4) implies that l ¼ 0: In particular, b is a positive solution of the
equation Pu ¼ 0; and
KMP ðx; %y; tÞ ¼ limt-N
kMP ðx; y; t  tÞ
kMP ðy; y;tÞ
¼ bðxÞ ¼ a˜ðx; yÞ: ð6:5Þ
The dual assertion
KMP ð %x; y; tÞ ¼ limt-N
kMP ðx; y; t  tÞ
kMP ðx; x;tÞ
¼ cðxÞ ¼ aˆ ðx; yÞ: ð6:6Þ
can be proved similarly.
ðivÞ ) ðiÞ: Let KMP ðx; %y; tÞ be the corresponding Martin function. Since
kMP ðx; y; s þ t  tÞ
kMP ðy; y;tÞ
¼ k
M
P ðx; y; s þ t  tÞ
kMP ðy; y; t  tÞ
kMP ðy; y; t  tÞ
kMP ðy; y;tÞ
;
it follows that for all s; tAR we have
KMP ðx; %y; t þ sÞ ¼ KMP ðx; %y; sÞKMP ðy; %y; tÞ; ð6:7Þ
and therefore, KMP ðx; %y; tÞ40 for all tAR:
By substituting in the corresponding Martin quotients t ¼ 0 and t ¼ s; we obtain
that
lim
s-N
kMP ðx; y; sÞ
kMP ðx0; x0; sÞ
¼ lim
s-N
kMP ðx; y; sÞ
kMP ðy; y; sÞ
 k
M
P ðx0; y; sÞ
kMP ðy; y; sÞ
 1
 k
M
P ðx0; y; sÞ
kMP ðx0; x0; sÞ
 !
¼K
M
P ðx; %y; 0ÞKMP ðx0; y; 0Þ
KMP ðx0; %y; 0Þ
: &
Remark 6.3. The last assertion of Lemma 6.2 was proved by Davies [14, Theorem
25] for a symmetric operator using the log convexity of the function t-kMP ðx; x; tÞ
(this property is not likely to hold in the nonsymmetric case).
In the self-adjoint case, Conjecture 6.1 holds true if dimCPl0ðMÞ ¼ 1 [1,
Corollary 2.7]. In particular, it holds true for a critical self-adjoint operator. We note
that using the results of Anker et al. [1] and Lemma 6.2, it follows that for the
Laplace–Beltrami operator, Conjecture 6.1 is equivalent to the existence of an
inﬁnite Brownian loop around any point of M (for the deﬁnition Brownian loops,
see [1]).
Remark 6.4. In [23] a complete Riemannian manifolds M which does not admit
nonconstant positive harmonic functions, and with l0 ¼ 0 was constructed. It was
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shown that on this manifold there is no l0-invariant positive solution. By Remark
6.3, Conjecture 6.1 holds true on M: Nevertheless, the limit function aðx; yÞ (which
equals to the constant function 1) is not l0-invariant positive solution. Compare this
with [14, Theorem 25] and the discussion therein before Lemma 26.
Note also that in general, the limit function aðx; yÞ need not be a product of
solutions of the equations Pu ¼ 0 and Pu ¼ 0; as was shown in [8].
Let us turn now to a related conjecture. The following conjecture was posed by the
author in [22, Conjecture 3.6].
Conjecture 6.5. Suppose that P is a critical operator in M; then the ground state j is a
minimal positive solution in the cone HþðM  RÞ of all nonnegative solutions of the
parabolic equation Lu ¼ 0 in M  R:
As we noticed in [22], if Conjecture 6.5 holds true, then Theorem 1.3 would follow
from (5.3).
Recall also that by the parabolic Martin representation theorem, the minimal
positive solutions in HþðM  RÞ are all parabolic Martin functions. As was
noted above, in the positive-critical case, and in the self-adjoint null-critical case (and
more generally, in any case where Conjecture 6.1 holds true), the limit function
að; y0Þ is a positive solution of the equation Pu ¼ 0 on M: Moreover, að; y0Þ is a
parabolic Martin function which corresponds to a fundamental sequence of the form
fðy0; tnÞg; where tn-N and y0 is a ﬁxed point in M: In particular, if Conjecture
6.1 holds true in the critical case, then the ground state is a parabolic Martin
function.
We also note that in general, the limit function of such a fundamental sequence is
not necessarily minimal. For instance, using [8], it follows that for a Benedicks
domain M which admits a two-dimensional cone of positive harmonic functions that
vanish on the boundary, the corresponding limit function is a positive harmonic
function which is not minimal.
Recently, Burdzy and Salisbury [4] raised the following more general problem:
Question 6.6. Determine which minimal harmonic functions are minimal in
HþðM  RÞ; the cone of all parabolic functions.
For more details see [4].
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